Abstract. We introduce the notion of uniform hyperbolicity along periodic orbits (UHPO) for homoclinic classes and provide equivalent conditions under which the UHPO property on a C 1 -generic homoclinic class implies hyperbolicity. It is shown that for a C 1 -generic locally maximal homoclinic class the UHPO property is equivalent to the non-existence of zero Lyapunov exponents. Using the notion of UHPO, we also give new proofs for some recent C 1 -dichotomy theorems.
Introduction
The concept of hyperbolicity has played a central role in the theory of dynamical systems during the last 50 years or more. Soon after the introduction of uniform hyperbolicity in the 60's, it was observed that in many natural and important examples one needs to have a more flexible theory by defining weak forms of hyperbolicity. One of the most important weak forms is non-uniform hyperbolicity, introduced in the early 70's. Roughly speaking, non-uniform hyperbolicity is characterized by the existence of some regions with a non-uniform rate of hyperbolicity.
Conceptually, a basic question in this respect is
Under what conditions may non-uniform hyperbolicity be converted into uniform hyperbolicity? There are several plausible ways to answer this question, while some basic ideas go back to pioneering works. Among the examples of the recent works, one can refer to [4, 5, 10, 11, 13, 18] for the non-existence of zero Lyapunov exponents, [9] for uniform hyperbolicity along periodic orbits with one hyperbolic direction and [14] for uniform hyperbolicity along periodic orbits of a shadowable invariant set.
As is known, the hyperbolicity of an invariant compact set implies the hyperbolicity of the periodic points inside. But what can be said about the converse? How can one obtain the uniform hyperbolicity of an invariant compact set knowing the hyperbolicity of the periodic orbits in the set? Although persistent hyperbolicity of the periodic orbits in the ambient manifold implies the uniform hyperbolicity of a non-wandering set ( [19, 21] ), the answer is known to be negative in general. For instance, periodic orbits of a Kupka-Smale diffeomorphism are all hyperbolic, but a Kupka-Smale diffeomorphism isn't uniformly hyperbolic in general. A very useful tool in this respect has been introduced by Bonatti et al. in [9] through the notion of "uniform hyperbolicity along periodic orbits". There, the authors have shown that if a homoclinic class H(p, f ) admits a dominated splitting with a contractive direction, then the uniform hyperbolicity along the periodic orbits homoclinically related to p implies the hyperbolicity of H(p, f ). In fact, this is the essential motivation for our main definition. In this paper, we impose the same condition on a C 1 -generic homoclinic class. Doing so, the uniform hyperbolicity of the homoclinic class is derived via some equivalent conditions. The novelty here is that we not only show the existence of a dominated splitting for a generic homoclinic class satisfying the condition mentioned above, but we also omit the assumption that one of the directions is contracting. We also illustrate the equivalence of the imposed condition and the non-existence of zero Lyapunov exponents for C 1 -generic locally maximal homoclinic classes.
Statement of results.
We start by introducing the most relevant concepts and definitions. Suppose that M is a closed manifold equipped with a Riemannian metric d and f : M → M is a diffeomorphism. For any two points x, y ∈ M , a finite sequence
then the pseudo orbit is called a periodic pseudo orbit of length n. We define the relation as follows: x y if for any δ > 0, there exists a δ-pseudo orbit from x to y and from y to x. A point x is chain recurrent if x x; denote by CR(f ) the set of all chain recurrent points of f . The relation induces on CR(f ) an equivalence relation whose classes are called chain components of f .
An invariant compact set Λ has the shadowing property if for any > 0 there is a δ > 0 such that any δ-pseudo orbit in Λ can be -shadowed by some point in M . The set Λ has the (inner) periodic shadowing if any periodic pseudo orbit of f of length n in Λ can be shadowed by some periodic point of f in Λ of period n.
A closed f -invariant set Λ ⊂ M is called hyperbolic if the tangent bundle T Λ M has a Df -invariant splitting E s ⊕ E u such that for some constants C > 0 and 0 < λ < 1,
for any x ∈ Λ and any n ≥ 0. Moreover, we say that Λ admits a dominated splitting if the tangent bundle T Λ M has a Df -invariant splitting E ⊕ F such that for some constants C > 0 and 0 < λ < 1,
for any x ∈ Λ and any n ≥ 0. It is well known that the two directions E and F are continuous (see appendix B in [8] ). We recall that a direction E ⊂ T M is continuous if it is possible to guarantee that the two unit balls of E(x) and E(y) be close to each other in Hausdorff metric by requiring that x and y are sufficiently close to each other. For a hyperbolic periodic point p of a diffeomorphism f we denote by π(p) its period. The two sets 
In other words, the UHPO property indicates the absence of the weak hyperbolicity along periodic orbits homoclinically related to p.
We recall that a compact invariant subset Λ is locally maximal if there is a neighborhood U of Λ such that Λ = n∈Z f n (U ). A subset R of a complete space X is residual if it contains a countable intersection of open and dense subsets of X. Now, we can formulate the main goal of the present paper as follows. Finally, we also see that the notion of UHPO can be adapted almost straightforwardly to give new proofs for some recent C 1 -generic dichotomy theorems for locally maximal chain components (see section 3).
Main

Proof of the Main Theorem
By a known result, there is a residual subset of Diff 1 (M ) for which the homoclinic class of a hyperbolic saddle p coincides with the chain component containing p. In particular, hyperbolic homoclinic classes of such diffeomorphisms are locally maximal ( [6] ). Hence, the two parts (a)⇒(b) and (a)⇒(c) of the Main Theorem hold C 1 -generically. In the remainder of the paper, we dedicate our attention to concluding uniform hyperbolicity from the periodic shadowing and local maximality conditions. Recall that the index of a hyperbolic periodic point is the dimension of its stable direction.
Before continuing, let us explain how the UHPO property on a C 1 -generic homoclinic class can be used to obtain a dominated splitting E ⊕ F with dim E = index(p). This fact is essential in the rest of the paper.
Given η > 0, we say that a saddle p of period π(p) of a diffeomorphism f is η-weakly hyperbolic if Df π(p) has an eigenvalue λ with
If p is a hyperbolic periodic point of f , then, for every g C 1 -close to f , there is a hyperbolic periodic point p g of g close to p, called the continuation of p for g. The following remarkable result is obtained in [30] . Now, consider a diffeomorphism f ∈ R 1 having the UHPO property on a homoclinic class H(p, f ). Using Proposition 2.1 and repeating the process used in [30] , one can extend the UHPO property to a neighborhood of f in the C 1 -topology. More precisely, there is a C 1 -neighborhood U of f such that any g ∈ U has the UHPO property on the homoclinic class H(p g , g), for some constant λ independent to the choice of g. In this process, one can also obtain inequalities of the form
for any periodic point q which is homoclinically related to p. In particular, up to replacing f k by f in the equations above, we can (and we do) assume k = 1 in Definition 1.1. The existence of the desired dominated splitting involves some adaptations of the constructions in [21, 29, 30] . Let us summarize the discussion above in the following proposition. • Dissipative Case A diffeomorphism f is dissipative on an invariant compact set Λ if there is a 0 < b < 1 such that for any x ∈ Λ, det(Df (x)) ≤ b. If f ∈ R 1 is dissipative and has the UHPO property on a homoclinic class H(p, f ) with index(p) = 1, then the homoclinic class is hyperbolic. In fact, if E ⊕ F is the dominated splitting given by Proposition 2.2, then the direction E will be immediately contracting ( [26] ). The expansion of the second direction can be obtained from [9] .
• Two Dimensional Case (1) Due to dimension deficiency, for a surface diffeomorphism f ∈ R 1 , the UHPO property on a locally maximal homoclinic class is characterized as hyperbolicity. This follows immediately from Mañé's method ( [21] ).
(2) Recently, Pujals and Sambarino [25] have proved a dichotomy for the dynamics of a non-wandering invariant set of a C 2 surface diffeomorphism having dominated splitting. More precisely, they have proved that if f ∈ Diff 2 (M 2 ) is a Kupka-Smale diffeomorphism and Λ is a compact invariant set contained in the limit set and exhibiting a dominated splitting, then it can be decomposed into a hyperbolic set and a finite number of periodic closed curves normally hyperbolic with dynamic conjugated to an irrational rotation. Assuming the shadowing property of f on the set Λ, one can see easily that the normally hyperbolic periodic closed curves do not exist ( [27] ). Consequently, for a C 2 -surface diffeomorphism f ∈ R 1 having the UHPO property on a homoclinic class, the shadowing (not necessarily periodic shadowing) property is equivalent to hyperbolicity. From periodic shadowing to hyperbolicity, (b)⇒(a) . We begin this section by a simple remark on the behavior of a homoclinic class having the shadowing property. We give the proof for completeness. H(p, f ) , then for any hyperbolic periodic point q ∈ H(p, f ),
2.1.
Lemma 2.4. If f has the shadowing property on a homoclinic class
Proof. For given > 0, let δ be an modulus of the shadowing property. Choose Having proven this preliminary lemma, we turn to the proof of (b)⇒(a). Consider a Kupka-Smale diffeomorphism f ∈ R 1 having the UHPO and periodic shadowing properties on a homoclinic class H(p, f ). Since f ∈ R 1 , the homoclinic class H(p, f ) admits a dominated splitting E ⊕ F with dim E = index(p). Let us display a brief outline of the proof of contraction of the direction E; the expansion of the direction F can be obtained similarly.
Choose λ 0 < λ < 1 and 0 < γ < 1 with λ 0 (1 + γ) < λ. There is a positive δ such that d(x, y) < δ implies that
It suffices to prove that for any x ∈ H(p, f ), lim inf n→∞ log Df
Hence, there is a sequence k n of natural numbers such that 1
By Rieze's Representation and Birkhoff's Ergodic Theorems, there is an f -invariant probability measure μ such that (Theorem B in [21] )
Thus, there is a recurrent point y ∈ H(p, f ) and a positive integer n 0 such that
where η is a δ modulus of the periodic shadowing property. Let q ∈ H(p, f ) be a periodic point which δ-shadows the periodic pseudo orbit {y, . . . , f n (y)}. We should notice that by Remark 2.5, q ∼ p. On the other hand,
which is a contradiction.
From local maximality to hyperbolicity, (c)⇒(a).
To prove this part of the Main Theorem we need some additional C 1 -generic statements. Our first theorem asserts that given any two saddles of the same index in a C 1 -generic homoclinic class, one can create intersections between stable and unstable manifolds of these saddles. Theorem 2.6 was mentioned in [2, 6, 16] , although it was not precisely formulated. We try to state it explicitly and give a direct proof. In the proof of Theorem 2.6, we shall apply Lemma 2.7 and Proposition 2.8 below. Hayashi's C 1 -Connecting Lemma (Lemma 2.7) was originally designed as a tool for creating intersections between invariant manifolds of periodic points.
Lemma 2.7 (Hayashi's C
1 -Connecting Lemma [20] ). Consider f ∈ Diff 1 (M ) with two hyperbolic saddles p and q. Assume that there are a sequence (x n ) and natural numbers k n such that • f is a Kupka-Smale diffeomorphism.
• For any natural number n there is a neighborhood U n of f in R 3 such that for any g ∈ U n the set SI n (g) is the continuation of the set SI n (f ), which means
In particular, SI n (g) = SI n (f ) < ∞, where denotes the cardinal number.
Proof of Theorem 2.6. Let G n be the set of all C 1 -diffeomorphisms f ∈ R 3 such that for any (r, s) ∈ SI n (f ),
We shall prove that the set G n is an open and dense subset of R 3 . By the openness of the transversality condition and the second assertion of Proposition 2.8, the set G n is already an open subset of R 3 . To prove the density of G n , consider a diffeomorphism f ∈ R 3 and let U n be an open neighborhood of of f given by Proposition 2.
In an inductive process, we find a diffeomorphism g ∈ G n ∩ V.
Suppose that (r, s) ∈ SI n (f ). By the transitivity of a homoclinic class, there exist a sequence (x n ) and natural numbers k n satisfying the assumption of the Connecting Lemma. Thus, one can get a diffeomorphism g 1 ∈ V with a transverse intersection between the unstable manifold of r g 1 and the stable manifold of s g 1 . Since this configuration is robust under C 1 -perturbations, we can, maybe after another small perturbation, assume that g 1 ∈ U n . By using the Connecting Lemma again for g 1 and taking in mind the persistence of the first transverse intersection, one can get a new diffeomorphism g 2 ∈ U n such that the unstable and stable manifolds of another ordered pair in SI n (g 2 ) intersect each other transversally, and so on. By the second assertion of Proposition 2.8, this process leads to a diffeomorphism g ∈ U n such that for any (r, s) ∈ SI n (g), W u (r) W s (s) = ∅, it means that g ∈ G n . Now, the residual set
has the desired property mentioned in Theorem 2.6.
In [2] the authors proved that the C 1 generic homoclinic classes are index complete. That is, whenever a generic homoclinic class contains two periodic points of index α and β with α < β, then it contains periodic points of index γ with γ ∈ [α, β]. We rewrite its consequence in our context (Corollary 2 in [2] Proof. Consider a diffeomorphism f ∈ R 2 ∩ R 4 having the UHPO property on a locally maximal homoclinic class H(p, f ). Arguing by contradiction, assume that the homoclinic class contains a saddle q of a different index from that of p. Since f ∈ R 4 , H(p, f ) also contains a saddle q having the same index as that of p with arbitrarily weak hyperbolicity. As f ∈ R 2 , q is homoclinically related to p, which contradicts the UHPO property on H(p, f ). Hence, any saddle q of f in H(p, f ) has the same index as that of p and is homoclinically related to it.
We denote by M f (Λ) the set of all f -invariant probability measures supported on a compact f -invariant set Λ. As it is known, the set M f (Λ) is a compact set in the weak * -topology. By the Ergodic Decomposition Theorem, the convex combinations of probability ergodic measures is dense in M f (Λ). We recall that a Borel subset of Λ is said to have full probability if it has full measure for any
whenever the limit exists. By Oseledec's Theorem, these limits exist on a full probability set and are called Lyapunov exponents of f along E. The next theorem gives us a framework which allows us to unify the notion of UHPO and the non-existence of zero Lyapunov exponents for C 1 -generic locally maximal homoclinic classes.
Theorem 2.11. There is a residual subset of Diff 1 (M ) such that for any diffeomorphism f that belongs to it, f has the UHPO property on a locally maximal homoclinic class if and only if there is a continuous splitting E ⊕ F for the homoclinic class such that the Lyapunov exponents are negative along E and positive along F on a full probability set.
For the proof of Theorem 2.11, we need the C 1 -generic properties mentioned in Proposition 2.12 below. We recall that for a periodic point p of a diffeomorphism f of period π(p), the atomic measure μ p associated to the orbit of p is defined by
One of the basic properties of ergodic measures is that every C 1 -generic ergodic measure can be approximated arbitrarily well in weak * -topology by periodic measures. This fact is a reformulation of Mañé's Ergodic Closing Lemma, cited below.
Proposition 2.12.
There is a residual subset R 5 of Diff 1 (M ) such that any f ∈ R 5 has the following properties:
• f is a Kupka-Smale diffeomorphism,
• for any ergodic measure μ of f , there is a sequence q n of periodic points such that μ is the weak * -limit of atomic measures μ q n and also O(q n ) converges to Supp μ in Hausdorff metric ([3] ).
Proof of Theorem 2.11. Consider a diffeomorphism f ∈ R 2 ∩ R 4 ∩ R 5 having the UHPO property on a locally maximal homoclinic class H(p, f ) and let μ be an f -invariant ergodic measure on H(p, f ). Combining Corollary 2.10 and the second assertion of Proposition 2.12, one can get a sequence q n of periodic points homoclinically related to p such that μ q n converges to μ in weak * -topology. For μ-a.e. point x, we have
The first inequality holds by Birkhoff's Ergodic Theorem. By the Ergodic Decomposition Theorem, the same fact holds for any f -invariant measure. Similar argumentation can be applied for the direction F . For the converse, suppose that for any μ ∈ M f (H(p, f )) and μ-a.e. point x, λ μ (x) = lim n→∞ 1/n log Df n | E(x) < 0. Put λ μ = λ μ dμ. By the Sub-additive Ergodic Theorem [28] , for any μ ∈ M f (H(p, f ) ),
Hence, for any μ ∈ M f (H(p, f )), there is a natural number n μ such that
By continuity, the same holds in a neighborhood of μ in M f (H(p, f ) ). By the compactness of M f (H(p, f ) ), there exist a natural number m > 0 and a constant 0 < λ < 1 such that
In particular, for any saddle q in H(p, f ), considering the atomic measure μ q , there is a natural number 1 ≤ n q ≤ m such that
Using the same argumentation framework for the direction F , the UHPO property on H(p, f ) can be deduced.
End of the proof of (c) ⇒ (a). Consider a C 1 -generic diffeomorphism f having the UHPO property on a locally maximal homoclinic class H(p, f ) and let E ⊕ F be the dominated splitting given by Proposition 2.2. It is known that a continuous direction is contracting (expanding) provided that all the Lyapunov exponents along E are negative (positive) on a full probability set ( [10, 11, 18] ). Hence, Theorem 2.11 essentially ends the proof of (c)⇒(a). The proof of (c)⇒(a) may also be deduced directly from (1) and the following lemma, which is just Lemma I.5 in [22] .
for any f -invariant ergodic measure μ on Λ, then E is contracting. Proof of Corollary 3.1. Consider a diffeomorphism f ∈ R 2 ∩ R 4 ∩ R 6 and let C be a non-trivial locally maximal chain component of f in an open subset U of M . First, suppose that all the periodic points in C have the same index. By the second assertion of Proposition 3.2, there is no index changing in U for a diffeomorphism C 1 -close to f . More precisely, any periodic point of a diffeomorphism g C 1 -close to f whose orbit is entirely contained in U is hyperbolic. Now, using Mañé's argumentation in [21] , the UHPO property of f on C can be deduced. In view of the Main Theorem, the chain component C is hyperbolic. Now, suppose that C has periodic points of different indices. Then, by the third assertion of Proposition 3.2, it can be approximated by a heterodimensional cycle.
Some applications to the recent results
C
1 -generically, any two homoclinic classes are either equal or are completely disjoint ( [12] ). This gives a good characterization of a C 1 -generic diffeomorphism according to the number of its homoclinic classes. A generic diffeomorphism with a finite number of homoclinic classes is called tame, and a generic diffeomorphism with an infinite number of them is called wild. The same as Smale's pieces in the context of uniform hyperbolicity, any homoclinic class of a tame diffeomorphism is locally maximal ( [1] ). Although the following corollary has been proved in [1] by the other method, our approach also provides a new proof for it. In fact, Corollary 3.3 is already a direct consequence of Corollary 3.1. In a heterodimensional configuration, if the stable and unstable manifolds of two hyperbolic sets Λ and Σ with different index intersect each other, then questions may arise: is the heterodimensional robust? which means "do the continuations of Λ and Σ form a heterodimensional cycle"? Recently, Corollary 3.3 has been extended through a positive answer to the question above. In [7] the authors have proved the following C 1 -dichotomy for tame diffeomorphisms: A C 1 -generic tame diffeomorphism is either hyperbolic or it has a robust heterodimensional cycle.
An invariant compact set Λ of a diffeomorphism f is called Lyapunov stable if for any neighborhood V of Λ there is a neighborhood U of it such that f n (U ) ⊆ V , for any natural number n. In [7] the authors have shown that if a C 1 -generic Lyapunov stable homoclinic class admits a dominated splitting E ⊕ F with dim E = 1, then the direction E is uniformly contracting. The expansion of the direction F can be obtained from [9] . We can state the following theorem as a consequence. 
